Abstract. Let G be a finite group, and let V be a completely reducible faithful G-module. It has been known for a long time that if G is abelian, then G has a regular orbit on V . In this paper we show that G has an orbit of size at least |G/G ′ | on V . This generalizes earlier work of the authors, where the same bound was proved under the additional hypothesis that G is solvable. For completely reducible modules it also strengthens the 1989 result |G/G ′ | < |V | by Aschbacher and Guralnick.
Introduction
This paper is a sequel to [5] . In that paper we proved that if G is a finite solvable group and V is a completely reducible faithful G-module (possibly of mixed characteristic), then G has an orbit of size at least |G/G ′ | on V . In the case that G ′ = 1, i.e., G is abelian, this had been known for a long time, and so the result seemed to be a natural and intuitive generalization of that fact which should, in fact, hold true for arbitrary groups. The proof, however, even just for solvable groups, turned out to be quite difficult, and in [5] we had to leave the problem for arbitrary finite groups as a conjecture.
In this paper we are able to prove this conjecture, that is, our main result is the following. The reader should compare this result to a 1989 result of Aschbacher and Guralnick [1] . They proved that if V is a faithful G-module of characteristic p for a finite group G satisfying O p (G) = 1, then |G/G ′ | < |V |. So for completely reducible V Theorem 1.1 strengthens this bound.
Interestingly, the proof of Theorem 1.1 rests on all the earlier results proved on this: We use the result for solvable groups from [5] as well as a slight generalization of the AschbacherGuralnick result which is presented in Lemma 2.1. In addition, and not surprisingly, the proof uses the Classification of Finite Simple Groups (CFSG).
Roughly speaking, the main idea of the proof is to bound |G/G ′ | by |T /T ′ | for a suitable nilpotent subgroup T of G and then to use the result for solvable groups. A major ingredient here is a result on finite simple groups which guarantees the existence of abelian subgroups of order larger than the order of the abelian quotient of the outer automorphism group of the group (see Section 4) . The proof of this result goes through CFSG and is admittedly quite Case 2b: V m < V . Then let q be a prime dividing |V /V m |; clearly q = p. We already have V m and G m . Now define V m < V m+1 < . . . < V t ≤ V (for some t ∈ IN) and G m ≥ G m+1 ≥ . . . ≥ G t recursively as follows:
Suppose that G j , V j are already defined for some j ≥ m. We again consider two subcases.
Case 2b(i): q divides |V /V j |. Then let V j < V j+1 ≤ V be such that W j+1 = V j+1 /V j is an irreducible G-module over GF(q).
Case 2b(ii): q does not divide |V /V j |. Then we put s = j, and Q := V i is a Hall {p, q}-subgroup of V , and we put L = G j = C G (W 1 ⊕ . . . ⊕ W s ) G. If V s = V , then we put n = s, and V is a {p, q}-group. Otherwise, we continue to define the remaining V i similarly as before, using up the remaining primes of |V | one after another. That is, if we have already defined V k , G k for some k ≥ s, then if V k = V , we let n = k and are done, and if
, where r is the prime used at that moment, and define
In this fashion, if we write
(where " ∼ =" just stands for isomorphism as groups, not as G-modules) for i = 1, . . . , l. (Note that t 1 = m and t 2 = s.)
Next we claim that for for
If V is a p-group, we already saw this above, so we may assume that V is not a p-group (i.e., q exists). Now observe that
C G (P i ) = 1, and so
, and by [3, Corollary 5.3.3] we know that G n /C Gn (P i ) is a p i -group. Thus G n is nilpotent of order having only prime divisors from V . Moreover, if x ∈ G n is of p i -power order for some i ∈ {1, . . . , l}, then x acts trivially on P j for all j = i, because xC Gn (P j ) ∈ G n /C Gn (P j ) and the latter is a p j -group. This shows that G n V is nilpotent, and as G n V GV , by our hypothesis we conclude that
so G n = 1 follows and ( * ) is proved.
Next we fix i ∈ {0, . . . , n − 1} and consider the action of
we see that also O r (H i ) = 1.
Hence by [1, Theorem 3] (or induction) we conclude that |H i :
Now by [5, Lemma 2.1] and since G n = 1 we have that
This concludes the proof of the lemma.
Theorem 2.2. Let G be a finite group with F * (G) = F (G). Then
Proof. We let G be a counterexample of minimal order.
So if N > 1, we may apply the induction hypothesis which yields that
where the last equality follows from (1). Now as F (G)/N is abelian, it follows that
So putting (2) and (3) together gives
so that we are done.
Hence from now on we may assume that N = 1. Also, F (G) is abelian of squarefree exponent, and C G (F (G)) = F (G), so G/F (G) acts faithfully on F (G). We have to show that |G :
(reading V as a G/F (G)-module of possibly mixed characteristic).
Note that H := G/F (G) acts trivially on V /V 1 , because if g ∈ G and x ∈ F (G), then
So H acts faithfully on V and acts trivially on both V /V 1 and V 1 . Let Π be the set of common prime divisors of |V /V 1 | and [3, Corollary 5.3.3] . Now let V = X ⊕ Y , where X is the Hall Π-subgroup of V , and Y is the Hall Π ′ -subgroup of V . Clearly K acts trivially on Y , so as K/F (G) acts faithfully on V , we see that K/F (G) acts faithfully on X. Let p i (i = 1, . . . , n for some n ∈ IN) be the distinct prime numbers in Π, so that
, and from the above we know thatK/CK(P i ) is a p i -group for all i. This shows thatK is nilpotent of order divisible only by primes out of Π. Moreover, any p i -element ofK can only act nontrivially on P i and must act trivially on P j for all j = i, asK/CK(P j ) is a p j -group. This shows thatKF (G) is nilpotent. So ifK > 1, then we may assume thatQ 1 ∈ Syl p 1 (K) is nontrivial, and thenQ 1 G/F (G), and if Q 1 ≤ G is the inverse image ofQ 1 in G, then we easily see that F (G) < Q 1 , and Q 1 is a nilpotent normal subgroup of G (sinceQ 1 and thus also the Sylow p 1 -subgroup of Q 1 centralizes the Hall p ′ 1 -subgroup of F (G)), contradicting the definition of F (G). ThusK = 1, and hence K = F (G), as desired. So as K = F (G), we now know that G/F (G) acts faithfully on F (G ′ ), and F (G ′ ) can be viewed as a faithful G/F (G)-module of possibly mixed characteristic. Moreover, if we look at the semidirect product H of G/F (G) and F (G ′ ) with respect to the mutual action, then
would contain a normal p-subgroupS > 1 for some prime p such thatS would act trivially on the Hall p ′ -subgrouop of F (G ′ ) and also -since G acts trivially on
Hence (again by [3, Corollary 5.3.3] )S would act trivially on the Hall p ′ -subgroup of F (G), and thus if S ≤ G with F (G) ≤ S is the inverse image of S in G, then S G would be nilpotent, contradicting F (G) < S.
, and hence we may apply Lemma 2.1 to the action of H on
Thus altogether
which completes the proof of the theorem.
Corollary 2.3. Let G be a finite group and C = C G (E(G)). Then 
and we are done.
Corollary 2.4. Let G be a finite group and
as is well-known (see e.g. [4, Lemma 3.13(i)]). Therefore by 2.2 we conclude that
Number Theory
Let a and m be integers greater than 1. A Zsigmondy prime for (a, m) is a prime l such
A well-known theorem of Zsigmondy asserts that Zsigmondy prime exist except if (a, m) = (2, 6) or m = 2 and a = 2 k − 1. Observe that if l is a Zsigmondy prime for (a, m), then a has order m modulo l and so l ≡ 1(modm). Thus l ≥ m + 1. A prime l is a large Zsigmondy prime for (a, m) if l is a Zsigmondy prime for (a, m) and either l ≥ 2m + 1 or l 2 | a m − 1. Walter Feit [2] proved the following result. • m = 2 and a = 2 s 3 t − 1 for some natural number s, and t = 0 or 1.
• a = 2 and m = 4, 6, 10, 12, 18.
• a = 3 and m = 4 or 6.
• a = 5 and m = 6.
We need the following variation of Feit's result. • a = 3 and m = 4 or 6.
• a = 4 and m = 3, 6.
Proof. This could be proved by following the same argument as in [2] with adjustments along the way. The calculation is subtle and tedious. Since the main ideas are the same, I do not write everything into detail.
Corollary 3.3. If q is a prime power and m is an integer greater than 1, then there exists a Zsigmondy prime l | q m − 1 such that either l ≥ 2m + 1 or l 2 | q m − 1 except in the following cases.
• m = 2.
• q = 2 and m = 4, 6, 10, 12, 18.
• q = 3 and m = 4, 6.
• q = 5 and m = 6.
Proof. This follows immediately from Theorem 3.1.
Corollary 3.4. If q is a prime power and m is an integer greater than 1, then there exists a prime l | q m − 1 such that either l ≥ 2m + 1 or l 2 | q m − 1 and l 2 ≥ 2m + 1 except in the following cases.
• q = 2 and m = 4, 6, 12.
• q = 3 and m = 4.
Corollary 3.5. If q is a prime power and m is an integer greater than 1, then there exists a Zsigmondy prime l | q m − 1 such that either l ≥ 3m + 1 or l 2 | q m − 1 except in the following cases.
• q = 2 and m = 3, 4, 6, 8, 10, 12, 18, 20.
• q = 3 and m = 4 or 6.
• q = 4 and m = 3, 6.
Proof. This follows immediately from Theorem 3.2.
Corollary 3.6. If q is a prime power and m is an integer greater than 1, then there exists a prime l | q m − 1 such that either l ≥ 3m or l 2 | q m − 1 and l 2 ≥ 3m except in the following cases.
• q = 2 and m = 3, 4, 6, 8, 12, 20.
• q = 4 and m = 6.
Outer automorphism of simple groups
Proposition 4.1. Let G be a finite non-abelian simple group. We consider the outer automorphism of G. We show that there exist two abelian subgroup H 1 and H 2 of G where
Proof. The following elementary fact is used in the proof. Let H be a group of order p 2 , where p is a prime, then H is abelian.
We now go through the classification of the finite simple groups.
I Alternate groups A n , n ≥ 5. In general |Out(A n )| = 2 except when n = 6 and |Out(A 6 )| = 4. If |Out(A n )| = 2, then the result is clear since 4 | |A n | and 3 | |A n | when n ≥ 5. When n = 6, |Out(A 6 )| = 4 and |A 6 | = 8 · 9 · 5 and the result is also clear. II Sporadic groups. Thus |Out(G)| ≤ 2 and the result is easy to check. III Let G be of type 
By Corollary 3.3 and 3.6, we can find Zsigmondy prime
2 ≥ 3f n ≥ 2f (n + 1) except for the following cases where p and f n are small. 1) If f n = 2, then n = 2, f = 1, p = q and |Out(G)| = 2d where d = (3, q − 1). 
2 ≥ 2f except for the following cases where p and f n are small. 1) If f (2n − 2) = 2, then f = 1 and n = 2. Thus p f (2n) − 1 will have a Zasigmondy prime and it is clear that p f (2n−2) − 1 = p 2 − 1 will have a different prime divisor ≥ 2. 2) If p = 2 and f (2n − 2) = 6, then either 2n − 2 = 2 and f = 3, in this case 2f = 6, p f (2n) − 1 = 2 12 − 1 = 9 · 5 · 7 · 13 and p f (2n−2) − 1 = 2 6 − 1 = 7 · 9, we can pick |H 1 | = 13 and |H 2 | = 7; or 2n − 2 = 3 and f = 2, in this case 2f = 4, p f (2n) − 1 = 2 10 − 1 = 3 · 11 · 31 and p f (2n−2) − 1 = 2 6 − 1 = 7 · 9, we can pick |H 1 | = 11 and |H 2 | = 7. 3) If p = 2 and f (2n) = 6, then n = 3 and f = 1, in this case 2f = 2, p f (2n) − 1 = 2 6 − 1 = 7 · 9 and p f (2n−2) − 1 = 2 4 − 1 = 3 · 5, we can pick |H 1 | = 7 and
≥ 2f except for a few cases where p and f n are small. The proof is similar to the previous case. 12 − 1 = 9 · 5 · 7 · 13. 19 | |G| and 73 | |G|. When n = 4 and q is odd, (2, q−1) = 2 and thus |Out(G)| ≤ 24f and |Out(G)/Out(G) ′ | ≤ 12f since S 3 is not abelian. We have q 2n−2 − 1 = p 6f − 1, q 2n−4 − 1 = p 4f − 1. By Corollary 3.3 and 3.5, we can find Zsigmondy prime L 1 | p 6f − 1 and Zsigmondy prime 
n which implies that L 2 ≥ 3(f n/2) ≥ (n + 1)f except for a few cases where p and f n are small. 1) If f n/2 = 2, then n = 2, f = 2, p = q and |Out(G)| = 2d where d = (3, p + 1) . 
